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The purpose of this paper is to provide an exposition of the theory of 
inequalities which connect convex functions by the method of support 
functions. The application of support functions is known [2] to be fruitful 
in the modern theory of extremal problems. At the same time there is no 
coherent and systematic application of support functions to such ancient 
and elementary extremal problems as inequalities. 
Two methodological purposes are pursued in this paper: On one hand, 
to illustrate the fertility of the method of separation of convex sets by the 
elementary material of inequalities; on the other hand to provide a 
systematic exposition of the theory of inequalities which connect convex 
functions by means of the apparatus of support functions. 
We mainly consider classical inequalities: the Minkowski and Holder 
inequalities, the arithmetic-geometric mean inequality, inequalities for 
elementary symmetric functions, determinantal inequalities and inequalities 
for indefinite forms. All these inequalities may be divided into two classes 
according to their geometric meaning. The inequalities of the first class 
mean geometrically that some cone is convex. The inequalities of the 
second class mean that the tangent hyperplane to the cone at some point is 
a supporting plane of the cone. The cone will always be an epigraph of a 
convex (or subgraph of a concave) positively homogeneous function f(x) 
and the corresponding inequalities will have the form 
f(x + Y) Qf(x) +f(.Y) (1) 
and 
f(x) 2 (y, x) (2) 
for some vectors x and y. 
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1. DEFINITIONS AND NOTATIONS 
A real function f(x) defined on a subset M of Euclidean n-dimensional 
space R” is denoted by (f, M). A function (f, M) is said to be convex if the 
set M is convex and for all its points X, y and a number 1 E (0, 1) the 
inequality 
is valid. A function (f, M) is said to be strictly convex if this inequality is 
strict for all different points X, y E M and A E (0, 1). A function (f, M) is 
said to be concave if the function (-f, M) is convex. 
A function (f, K) is positively homogeneous of degree p if the set K is a 
cone and the equality 
.f(ax) = cf(x) holds for all x E K and a > 0. 
A positively homogeneous function of degree p = 1 is said to be 
positively homogeneous. Positively homogeneous functions (f, K) are 
known [lo] to be convex if and only if the inequality (1) holds for all 
points x, y of a convex cone K. 
The vectors x, y E R” are proportional if either x = txy for some ~1> 0 or 
one of them is zero. For positively homogeneous functions a definition of 
strict convexity is introduced which should not be confused with that for 
general functions. We shall say: “a positively homogeneous function (f, K) 
is strictly convex,” if the inequality (1) holds strictly for all vectors x, y E K 
which are not proportional to each other. 
The one-sided derivative f’(x; y) of a function f at a point x in a direc- 
tion y is defined by the equality 
f’(x; y ) = lim f(x+AYzy-f(x) 
1- to 1 . 
The gradient of a function f(x) at a point y is denoted by i3f( y)/ax. 
The hyperplane 
H= {x~R”I(a,x)=p}, 
where 
aER”, a#O, ,ueR', 
is said to separate a set M c R” and a vector b E R” if the inequalities 
(a, x) < p and (a, b) > p hold for all x E M. The hyperplane H is said to 
support the set M if it separates the set M and some point b of the set M. 
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The function 
sup (x, z): R” + R’ 
XEM 
is called the support function of the set MC R”. The function 
inf (x, z): R” + R’ 
XEM 
is called the concave support function (these functions may possess infinite 
values). An inequality of the form 
f(x). g(z) 2 (XT 2) (3) 
is called polar if f(x) > 0 for x E M, , 
g(z) ’ 0 for ZEM,, 
and functions (f, M,) and (g, M,) are positively homogeneous and convex. 
In this case the function g is called the polar of the function f and vice 
versa. The inequality (3) with the opposite sign is also called polar if 
functions f and g are concave. Polar inequalities in which the sign of 
equality is attained for any z E M2, by some x=x(z) may be written in the 
form 
g(z) = max w,.fix,CI)(X~Z) 
which means that the support function of the set 
{~~~IIf(~Kl1) 
in the directions z E M, equals g(z). 
The set 
is called the epigraph of a function (f, M). The definition of subgraph is 
similar. The set of vectors of R” with positive coordinates is denoted by 
R: . The minor of a matrix A = I(aJ, i, j= l,..., n, of degree n - 1 obtained 
by deleting the row and the column numbered i is denoted by A;. The 
minor formed by taking the rows and columns with numbers i, ,..., i,, where 
1 di, <i,< ... < i, < n, is denoted by A(i, ,..., i,). 
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2. CRITERIA OF CONVEXITY OF FUNCTIONS 
In Section 4 we shall show that the problem of developing a theory of 
inequalities for convex functions may be essentially reduced to the problem 
of investigating the convexity of functions. To solve the latter problem we 
shall use the following properties of convex functions: 
(1) A function (f, M) is convex if and only if its epigraph is convex. 
(2) A function (orf + fig, M) is (strictly) convex if numbers LX, fi are 
positive and functions (f, M), (g, M) are (strictly) convex. 
(3) The pointwise supremum f(x) = sup, f,(x) of an arbitrary collec- 
tion of convex functions (f%(x), M) is convex on the set 
{XEMJf(X)< +a}. 
(4) Let a function f(y,,..., ym) be convex on the parallelepiped 
cli<y,<p,, i= l,..., m, and monotone in each variable yi, i= l,..., m. Let 
each of functions (g,(x), M), i= l,..., m, be convex (concave) for those 
indices i for which the function f(y 1,..., y,) is nondecreasing (nonin- 
creasing) in the variable yi, i= l,..., m. Further, let the inequalities c(, 6 
g,(x)<fli, xEM, i=l,..., m, be valid. Then the function (f(g,(x),..., 
g,(x)), M) is convex. 
(5) Let (f, K) be a (strictly) convex function, positively 
homogeneous of degree p > 1. Let f(x) > 0 for x # 0. Then the function 
is a (strictly) convex positively homogeneous function. 
(6) Let a positively homogeneous function (f, K) be defined on a 
convex cone KC {x E R" 1 x, > 0) and convex in (x1 ,..., x, _ , ) for x, = 1. 
Then the function (f, K) is convex. 
(7) Let f(x) be a twice continuously differentiable function on an 
open convex set MC R". Then (f(x), M) is convex if and only if its 
Hessian matrix 
affw 
I/ II zy& ’ i,j= 1 ,..., n, 
is positive-semidefinite for all x E M. A function (f(x), M) is strictly convex 
provided its Hessian matrix is positive definite for all x E M. 
All these criteria, with some differences in the statements, may be found 
in [lo, Sects. 4, 5; 8, Sect. 11.2.3; 5; 123. Therefore their proofs are omitted. 
Note that a different method of investigation of the convexity of functions 
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corresponds to each of them. To the third criterion, for instance, 
corresponds the method of quasi-linearization of R. Bellman (there is no 
universal practical method of investigating the convexity of functions). 
3. SUPPORT INEQUALITY 
Statement. Let (f, K) be a convex positively homogeneous function. 
Then for all vectors x, y E K, the inequality 
f(x) Bf’h xl (4) 
is valid. If f is differentiable at the point y E K, the inequality (4) has the 
form (2). If (f, K) is a strictly convex positively homogeneous function, 
equality in (4) is attained if and only if the vectors x and y are propor- 
tional. 
Proof Let us use the well-known inequality 
f(x)~f(Y)+f'(Y;x-Y) (5) 
which holds for convex functions [ 10, Theorem 23.11. By virtue of the con- 
vexity and positive homogeneity of (f, K) one has 
f(y+~(x-y))2f(y+IZx)-f(~~) 
=f(.Y+Ax)-iffy 
whence 
f’LK x - y) = nlJlno f(Y+4x-YY))-f(Y) 1 
~ lim f(y+Jx)-~ftY)-fb) 
A- +o A 
=f'(JGx)-f(Y). 
Hence, the inequality (4) is proved. Iffis differentiable at the point y, then 
f’(y; x) = (F, x). (6) 
If (f, K) is a strictly convex positively homogeneous function, equality is 
attained in (5) if and only if the vectors x and y are proportional. Hence, 
equality is attained in (4) under the same condition. 
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Inequality (4) is also valid for functions defined on a linear topological 
space. 
In geometric terms, inequality (2) means that the tangent hyperplane 
to the epigraph of the positively homogeneous convex function (f, K) at 
the point ( y, f(y)) is the supporting plane to the epigraph at the point (in 
fact, it is supporting on the whole ray 
Therefore we shall refer to the inequality (2) as the support inequality. For 
concave positively homogeneous functions this inequality is reversed: 
f(x) < (q$ x). (7) 
The support inequality (2) seems to have originated in Larch [7] (see 
also [3, 4, 111) where, under some assumptions, it was shown that the 
polar of the function (F(x))“j’, where F(x) > 0 is a positively homogeneous 
function of degree p > 0, equals 
j uw4))1’y, where 
and the mapping u(z) is the inverse of the gradient mapping z = W( . )/ax. 
This follows from the support inequality (2) (or (7)) which is easily trans- 
formed into the form (3). 
4. INEQUALITIES 
Following the methodological direction of this paper, we shall not give 
detailed references. The cases of equality will be considered only in a few 
inequalities for the same reason. Almost all the inequalities below are given 
in the books [ 1,6,9]. These inequalities will be connected with each other: 
the convexity of some basic functions will allow us to prove the convexity 
of the others and along with an increase of the supply of convex and con- 
cave functions all the other inequalities will be obtained with the help of 
the support inequality. Moreover, many methodological ideas of the cited 
works, especially of E. F. Beckenbach and R. Bellman [l], will be syn- 
thesized or directly borrowed. As in E. R. Larch [7], special attention will 
be paid to the polar inequalities. 
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4.1. Classical Inequalities 
Let us begin our account with the Minkowski and Holder inequalities. 
1. MINKOWSKI INEQUALITY. Let 
,,xll,=( f: q’)“’ x, y~R”,,p>l. 
i=l 
Then the inequality 
llx+Yllp~ IblIp+ llYllp 
is valid. Equality holds if and only if vectors x and y are proportional. 
ProoJ The strict convexity of the function llxll p follows from strict con- 
vexity of the functions 
by the criteria 2, 5. 
2. HOLDER INEQUALITY. Let 
Then the inequality 
II~llp~ 1141q~ (x9 z) 
is valid. Equality holds if and only if the vectors 
(xf,..., -q) and (zf,..., zz) 
are proportional. 
Proof: Let 
f(x) = l141p, ZiC y”-’ I , i= A..., n. 
The partial derivatives af( y)/ax, equal 
i = l,..., n. 
Therefore the support inequality (2) yields the Holder inequality, the sign 
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of equality holding if and only if vectors x and y are proportional, i.e., the 
vectors (xp ,..., xi) and (zl,..., z;) are proportional. 
The Holder inequality may be rewritten in the form 
I141p= max (x,z) llzllq G1 
which means that the norm jJxJjp is the support function of the unit ball 
11~11~ < 1. It turns out that any positively homogeneous function f convex 
on all of R" is a support function. In fact, it is the support function of the 
intersection C of all the closed half-spaces 
when x E R", x # 0, the set C being nonempty and bounded [ 10, p. 1141. A 
similar assertion is true also for functions defined on a proper subset K, of 
R" with the difference that the set C may in this case be unbounded (see 
[ 10, Corollary 13.2.11). 
Thus any polar inequality (3), in particular the Holder inequality, gives 
the dual representation of some nonempty convex set C: on the one hand 
as the point set 
{z 6 & I g(z) G I>, 
and on the other hand as the intersection of the supporting half-spaces (8). 
It is this geometric fact that explains the analytic force of the Holder 
inequality. It is well known [7] that polar inequalities may be obtained 
explicitly only in rare cases. But in the cases when this turns out to be 
possible the corresponding inequality provides a powerful analytical tool 
(see the section devoted to determinantal inequalities). 
Return now to concrete inequalities. The following result will be used 
more than once. 
3. MINKOWSKI INEQUALITY. For all vectors x, y E R: the inequality 
(~~(xi+Yi))l”>(~~xi)l’“+(~~l.i)“~ 
is valid. 
Proof. Prove the concavity of the function 
/ n \ l/n 
f(x)=(n xi)' : R"+ +R' 
i=l 
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by induction. For n = 1 it is evident. Suppose that the function 
is concave. Then, by criteria 4, 6, the function 
f(x) = x ;I” . 
((~~~xi)l/ili-Il)(n~lJ/n 
will be also concave since the function t(“-‘)? R: + R’ is concave and 
increasing. 
4. INEQUALITY BETWEEN THE GEOMETRIC AND ARITHMETIC MEANS. For 
any XE R”, the inequality 
is valid. 
ProoJ Set 
Y(x)=( fi Xi)“’ and y=(l,..., 1) 
i=l 
and use the support inequality (7). 
4.2. Symmetric Functions 
In this section we consider the elementary symmetric functions 
E,(x)= c xi; *.. ‘Xir, r = l,..., n, 
I<i,< ‘.‘<i,<rI 
E,,(x) = 1. Also we introduce the functions 
J%(X) 
P,(x) = -2 
J%(X) 
n 
0 
I;,(x) = - 
Er- l(x)’ 
r = l,..., n. 
r 
Obviously, 
P,(l,..., 1) = 1, r = l,..., n. 
409/117/l-3 
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Recall also that the identities 
r = l,..., n, 
are valid [ 1, p. 341, where xi stands for the vector (x, ,..., xi-, , xi+ 1 ,..., x,). 
5. INEQUALITY OF MARCUS AND LOPES. For allx, YE R”,, l<r<n, the 
inequality 
is valid. 
Proof Prove the concavity of the function 
F,.(x): R”, -, R’ 
by the induction on r. For r = 1 it is evident. Suppose that the function 
(F, _ 1, R”+ ) is concave for all n. The function 
is convex by the criterion 6 and decreases in t,. Hence, by the identity (9) 
and the criteria 2,4, the function (F,, R”, ) will be also concave for all n. 
6. INEQUALITY OF MARCUS AND LOPES. For all x, YE R:, 16 r<n, the 
inequality 
(E,(x + YN”‘2 bwN”‘+ b%w’ 
is valid. 
Proof. It has been proved above that the functions 
(f’i(X)* R”, 1, i=l n, ,..., 
are concave. By the identity 
(E,(x))“‘= (fi F.(x))l” 
i=l 
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and the criterion 4, the concavity of the function 
WW”‘> R”, 1 
follows because the function 
increases in each variable fi, i= l,..., r. 
Let us now prove the classical inequalities of Newton and Maclaurin. 
7. NEWTON'S INEQUALITY. For all y E R”, , 1 Q r < n - 1, the inequality 
pr- I(Y) + pr, l(Y) Q (R(Y))2 (11) 
is valid. 
Proof Set 
Then 
f(x)=Fr+I(x) and x = (l,..., 1). 
aft.4 ( ) n afw ax' x =c---, i=l axi 
where 
~=(e(Y))-2.(E,(Y1).E,(r)-4+,o.E,-,(Yl)). 
I 
After a simple calculation using (lo), the support inequality (7) will have 
the form 
cl.~,+,(Y).E,~,(Y)6c2.(E,(Y))2, (12) 
where c1 and c2 are constants, c1 being equal to n - (r - 1) > 0. Since the 
support inequality (7) yields equality for y=x, the inequality (12) yields 
equality for y = (l,..., 1). Hence c, and c2 are positive and their values are 
such that the inequality (12) may be rewritten in the form (11). 
8. MACLAURIN'S INEQUALITY. For all y E R: , 2 < r < n, the inequality 
(P,(Y)) “‘<(P,~,(y))““-” (13) 
is valid. 
34 VLADIMIR SOLOVIOV 
ProoJ Set f(x) = (E,(x))“’ and x = (l,..., 1). Then Jf( y)/ax, = l/r. 
(E,(Y)) (w- ’ . E,- 1( yj). Like the preceding example, the support inequality 
(7) is transformed into the form 
where c1 and c2 are some positive constants. Since the last inequality yields 
equality for y = (l,..., l), one can again assert, even without calculating 
exact values of the constants c1 and c2, that the inequality is transformed 
into the form (13). 
4.3. Determinantal Inequalities 
All the matrices in this section are supposed to be real symmetric and 
positive definite. 
Let us first show that the support function of the ellipsoid 
{XER”j(AX,X)<l} 
equals (A - ‘2, z) ‘I’. 
9. SUPPORT FUNCTION OF THE ELLIPSOID. For all X,ZE R” the 
inequality 
(Ax, xy2. (A - lz, zy z (x, z) (14) 
is valid. Equality is attained if and only if vectors z and Ax are propor- 
tional. 
ProoJ: Since a matrix A is positive definite, the function 
((Ax, xl, R”) 
is strictly convex by the criterion 7. By the criterion 5, the positively 
homogeneous function 
f(x) = (Ax, x)~‘~: R” -+ R’ 
will be also strictly convex. Since 
w(Y) ax = (Ay, y ) - “’ . AY, 
the support inequality (2) yields the inequality (14) for z = Ay, the sign of 
equality holding if and only if the vectors x and y = A -lz are proportional. 
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10. BERGSTROM'S INEQUALITY. For all positive definite matrices A and 
B the inequality 
det(A + B) det A det B 
det(A, + B,) ‘mA,det B, 
is valid. 
ProoJ By virtue of the inequality (14) one has 
(Ax, xl 
(A-‘z, z))l =min- 
XfO (x, z)Z. 
Setting z = (O,..., 0, 1) one gets the equality [ 1 ] 
det A 
- = min(Ax, x) 
detA, x.=~ 
from which there follows, by the criterion 3, the concavity of the function 
det A 
det A,, 
on the convex cone of positive definite matrices. 
11. MINKOWSKI'S INEQUALITY. For all positive definite matrices A and 
B of order n the inequality 
det ““(A + B) 2 det ‘I” A + det “” B 
is valid. 
Proof Use the identity 
det A( l,..., i) lln 
det A(l,..., i- 1) 
where det A(0) = 1 by definition. Since the function 
((fi, fi)l’ny R1> 
is concave and increasing in each variable, and each of the functions 
det A( l,..., i) 
det A(l,..., i- 1) 
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is concave on the set of positive definite matrices, the function det”” A is 
also concave on the set, by the criterion 4. 
Let us now calculate the polar of the function det ‘In A. Define the inner 
product of two real matrices X= IlxJ, Y = (IJ’J, i, j= l,..., n, by the 
equality 
(X, Y)= 2 xiiy,. 
i,j= 1 
12. THE POLAR OF A DETERMINANT. For all positive definite matrices A 
and B of order n the inequality 
&‘I” A . &‘I” B <(A, 
n (15) 
is valid. 
ProoJ: Consider the function f(X) = det I’” X on the space of all (not 
just symmetric) matrices of order n. It is well defined and differentiable in 
each variable in some neighbourhood of any point (matrix) at which the 
determinant is positive. Its gradient af( Y)/aX at the point Y equals 
i.det (l/n)- 1 y. y, 
where 
F=det Y* Y-’ 
is the adjoint matrix. Hence, for all positive definite matrices A and C the 
equality 
f'(c;A)=(g, A) 
=i.det”” C.(C’, A) (16) 
is valid (see (6)). 
Since the function f(X) is concave and positively homogeneous on the 
cone of the positive definite matrices, it satisfies the inequality (4) with the 
opposite sign. By virtue of the equality (16), the inequality 
det”” A <i.det’/” C. (C-l, A) 
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holds for all positive definite matrices A and C. Replacing C by B-’ we get 
the inequality (15). 
This polar inequality yields the concave support function of the unboun- 
ded convex set Mi in the space of symmetric matrices which consists of all 
positive definite matrices whose determinant is not less than one. Namely, 
by virtue of (15) the concave support function equals 
n det ‘I” B 
in the directions of the positive semidefinite matrices B (it is easy to show 
that in the other directions it equals - co). 
The set M, of the all diagonal positive definite matrices whose deter- 
minant is not less than 1 is another interesting subset of the space of sym- 
metric matrices. With help of the example 4, it is easy to calculate the con- 
cave support function of this set. It turns out to be equal to 
n fpij 
( 1 
l/n 
i=l 
in the directions of the positive-semidefinite matrices B. Since M2 c M, , the 
concave support function of the set M1 does not exceed the concave sup- 
port function of the set M1. Hence, Hadamard’s inequality 
detB< fi bii 
i=l 
holds for any positive-semidefinite matrix B. 
We show how some improvements of the Hadamard’s inequality may be 
obtained with the help of the polar inequalities (14), (15). 
13. FISCHER'S INEQUALITY. For any positive definite matrix A of order 
n and 1 <k < n, the inequality 
det A < det A( l,..., k) . det A(k + l,..., n) (17) 
is valid. 
Proof. Let 
where 
A= 
A,, = A(l,..., k), A,, = A(k + l,..., n). 
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Set 
and use the inequality (15). By virtue of the equalities 
detB=(detA,,.detA,,))’ 
and 
(A,B)=(A,,,A,‘)+(A2*,A22l) 
=SP(ALAG’)+SP(ALAG~) 
=Sp(Z,)+Sp(Z,-,)=k+(n-k)=n, 
the inequality (15) is transformed to the form (17). 
14. IMPROVEMENT OF HADAMARD’S INEQUALITY. For any positive 
definite matrix A of order n and all different indices i, j, 1 G i, j 6 n, the 
inequality 
is valid. Equality holds if and only if the equality 
au a,,=;.ag 
JJ 
(19) 
is valid for all indices 1, 1 < I < n, different from i and j. 
Proof. Define vectors x, z E R” by the equalities 
zi& = 0, k = l,..., n, k # i, zi= 1 
and 
x,=0, k = l,..., n, k Z i, j, xi= 1, 
aii 
xj= --. 
ail 
Then the following equalities will be valid: 
a2 
(Ax, x) = a, - 3, 
ajJ 
det A. 
(A-‘z, z) =I 
det A ’ 
(x, z) = 1 
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Therefore the polar inequality (14) will have the form (18). Equality will be 
attained if and only if vectors z and Ax are proportional, i.e., the equalities 
(19) hold. 
The estimate 
det A 6 fi (a,,- a,), 
i=l 
follows immediately from the inequality (18) where 
2 
a.= max !Q  
I i = l,..., n - 1, 
{jljli} UJl’ 
c(, = 0. 
It may be shown that this is better than the estimate 
( ) 
ll(n - 1) 
det A < n (ai,YzJpzg) 
I<i-cj<n 
which is due to Szasz [ 1, p. 641. 
4.4. Indefinite Forms 
15. BELLMAN'S INEQUALITY. Define the function 
qp = (q - .@ - . . . - -p)‘IP n 
on the set 
M,= {XER”, 1x12(x;+ ... +xp}. 
Then the inequality 
vpp(x + Y) 2 cp,w + %(A 
will be valid for all x, y E M, and p > 1. 
ProoJ: We use a refinement of criterion 1. Namely, it is easy to see that 
the epigraph 
{(x,~)lxEM,~ER’,~~f(x)) 
of a function (f, M) will be convex if the set 
{(x9 P)IXEM PGPO, @f(x)) 
is convex, provided ,u,, 3 f(x) for all x E M. 
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Thus it suffices to show, for the concavity of the function (cp,, M,), that 
the set 
{(x,~)~XEMp,~~O,~L(xp-X~- ... -x,“)l’P} 
is convex. Represent the set as the intersection of the sets 
UW)b-ydJ~W 
and 
By virtue of criterion 1 and the Minkowski inequality (Example l), both 
sets are convex. Hence their intersection is convex. Therefore the function 
(cp,, M,) is concave. 
Let us now calculate the polar of the function (pp. 
16. Po~ov~c~u’s INEQUALITY. For all 
the inequality 
q,(x). cp,(z)<x,z, -x2z2- ... -x,2, 
is valid. 
Proof. Set 
f(x) = cp,(x), x, Y-Q 
ZiE yP-1 I 9 i = l,..., n. 
(20) 
By virtue of the equalities yp = z? the inclusions ye M, and z E M, are 
equivalent. The support inequality (7) yields (20) for this choice of vectors 
x and y. 
5. CONCLUSION 
The list of examples may easily be continued. However, from the exam- 
ples already considered it is clear that the method of support functions is a 
lucid geometric and powerful analytic method of the theory of inequalities 
for finding further applications. 
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